ABSTRACT. The boundedness and compactness of weighted composition operators from H ∞ to the Bloch space in the unit ball of C n are investigated in this paper. In particular, some new characterizations for the boundedness and the essential norm of weighted composition operators are given.
INTRODUCTION
Let B be the open unit ball of C n and ∂B the boundary of B. When n = 1, B is the open unit disk D in the complex plane. Let H(B) denote the space of all holomorphic functions on B. For f ∈ H(B), the radial derivative and complex gradient of f at z will be denoted by R f (z) and ∇ f (z), respectively. That is, R f (z) = n j=1 z j ∂ f ∂z j (z), and ∇ f (z) = ∂ f ∂z 1 (z), ∂ f ∂z 2 (z), · · · , ∂ f ∂z n (z) .
Let u ∈ H(B) and ϕ(z) = (ϕ 1 (z), ϕ 2 (z), · · · , ϕ n (z)) be a holomorphic selfmap of B. The weighted composition operator, denoted by uC ϕ , is defined by
(B).
When u = 1, uC ϕ is the composition operator, denoted by C ϕ . It is important to give function theoretic description of when u and ϕ induce a bounded or compact weighted composition operator on various function spaces (see [2] ).
In the setting of the unit disk, it is well known that the operator C ϕ is bounded on B for any analytic self-map ϕ in D by Schwarz-Pick Lemma. The compactness of the composition operator on B was characterized in [9] . In [15] , Wulan, Zheng and Zhu showed that C ϕ is compact on B if and only if lim k→∞ ϕ k B = 0. This method has been used to describe the boundedness and compactness of uC ϕ on some function spaces, see [1, 3, 4, 8] for example. In [10] , Ohno characterized the boundedness and compactness of the operator uC ϕ : H ∞ → B. Colonna, motivated by [15] , gave another characterization for the boundedness and compactness of the operator uC ϕ : H ∞ → B in [1] . Hu, Li and Wulan, based on the work of Ohno and Colonna, gave some estimates for the essential norm of the operator uC ϕ : H ∞ → B in [4] . Moreover, they gave a new characterization for the boundedness and compactness of uC ϕ : H ∞ → B in [4] . In the setting of the unit ball, Shi and Luo studied composition operators on the Bloch space in [12] . In [3] , Dai gave several new characterizations for the compactness of the composition operator on the Bloch space, which extended the main result in [15] to the unit ball. Li and Stević characterized the boundedness and compactness of uC ϕ : H ∞ → B in [7] (see [6] for the setting of polydisk). Zhang and Chen gave two characterizations of the boundedness and compactness of uC ϕ : H ∞ → B in [16] . For example, they showed that uC ϕ : H ∞ → B is bounded if and only if u ∈ B and
In this paper, motivated by [4] and [16] , we investigate the boundedness, compactness and essential norm of uC ϕ : H ∞ → B on the unit ball. That is, we will give some new characterizations for the boundedness, compactness and essential norm of uC ϕ : H ∞ → B. These extend the results in [4] to the unit ball. Moreover, the method we used here is completely different from [4] .
Recall that the essential norm of a bounded linear operator T : X → Y, denoted by T e,X→Y , is defined as the distance from T to the space of compact operators from X to Y. That is,
Constants are denoted by C, they are positive and may differ from one occurrence to the next. We say that A B if there exists a constant C such that A ≤ CB. The symbol A ≈ B means that A B A.
BOUNDEDNESS OF uC
Before we state the main result and the proof in this section, we state some notations and preliminary results. Let ϕ ′ (z) be the Jacobian matrix of ϕ, that is
Here and henceforth, we do not distinguish the row vector and column vector, that is, we always admit the vectors have the proper forms in the expressions.
For a ∈ B\{0}, the automorphism of B is defined by
where s a = 1 − |a| 2 ,
Lemma 2. [5] Let u, f ∈ H(B). Then
Here
Theorem 1. Suppose u ∈ H(B) and ϕ is a holomorphic self-map of B. Then the following statements are equivalent. (i) uC
(iii) u ∈ B and
(iv) u ∈ B and
Proof. Obviously, uC ϕ : H ∞ → B is bounded if and only if
This implication is obvious since f k,ξ ∞ = 1. Here and hence-
After a calculation, we have
Let ξ i be the vector in which the i-th component is 1 and the others are 0, i = 1, 2, · · · , n. By letting k = 1, from (3), we have
, from (4) we have
Therefore,
Next, we will prove that
Assume that there exists k ∈ N such that k ≥ 3 and 1
It is easy to see that
Therefore, by letting τ = ϕ(z), we have
By (3), we get
and hence
By projection theorem, there exists a η(z) ∈ ∂B such that ϕ(z), η(z) = 0. Then
Since |ϕ(z)| > 1 2 , we get
Let ζ(z) = ϕ(z) + 1 − |ϕ(z)| 2 η(z). By (11), we have
and
Then,
From (12), (14) and (10), we obtain
By (8), (13) and (3), we have
Therefore, we have
By (4, (10) and (17), we get (7). From (6) and (7), we see that (iii) holds. (1) and (2), we have
. Suppose (iv) holds. For all w ∈ B, by Lemma 1, we have
Since |φ ϕ(w) (z)| < 1, we obtain
Then (iii) holds. So (i) holds. (i)⇒ (iv). This implication is also obvious since φ ϕ(w),i ∞ ≤ 1. (v)⇔ (ii).
By u ∈ B and Lemma 2, we have
Using triangle inequality, we can get the desired result. The proof is complete.
Remark 1. In [16] , the equivalence of (i) and (iii) was proved in a different way. †
THE ESSENTIAL NORM OF uC ϕ : H ∞ → B
To study the essential norm of uC ϕ : H ∞ → B, we need the following lemmas. 
Proof. Since f ∈ H(B),
}, and
, we get
The proof is complete.
Theorem 2. Suppose u ∈ H(B) and ϕ is a holomorphic self-map of B. If uC
uC ϕ φ ϕ(w),i β ,
Proof. Since uC ϕ : H ∞ → B is bounded, by Theorem 1, we have u ∈ B and max 1≤i≤6 Q i < ∞.
When sup z∈B |ϕ(z)| < 1, it is easy to see that uC ϕ : H ∞ → B is compact by Lemmas 3 and 4. In this case, these asymptotic relations vacuously hold. Hence we only consider the case sup z∈B |ϕ(z)| = 1. First we prove that
where
By Lemma 4, we have sup |ϕ(z)|≤s
and sup |ϕ(z)|≤s
From (5), we have sup |ϕ(z)|≤s
By (1) and (2), we have
It is obvious that
Letting r → 1, by (20)- (23), we have
Here we used the fact that uC rϕ : H ∞ → B is compact. Letting s → 1, we get the desired result.
Next we prove that
Similar to the proof of Theorem 1, we assume that there exists k ∈ N such that k ≥ 3 and 1
From (15) and (16), we have
From (4), we have
By letting |ϕ(z)| → 1, we have Q 1 + Q 3 Q 2 , i.e., we get Q 1 + Q 3 Q 1 + Q 2 . Now we prove that
Thus h k ∞ ≤ 1 and converges to 0 uniformly on compact subsets of B. Then lim k→∞ Kh k B = 0. Since
we have
Because K and ε are arbitrary, we obtain uC ϕ e,H ∞ →B ≥ Q 3 .
Then {g k } is bounded in H ∞ and converges to 0 uniformly on compact subsets of B. Moreover, we have
Letting k → ∞, we have uC ϕ − K H ∞ →B Q 1 . Since K is arbitrary, we get uC ϕ e,H ∞ →B Q 1 , as desired. Next we prove that
uC ϕ φ ϕ(w),i β .
∞ and converges to 0 uniformly on compact subset of B. By Lemma 3, 
